Introduction. Several series representations
in terms of Bessel functions have been given recently for a single Whittaker function of the first kind (usually denoted by MK,?(z)) by various authors.2 None of these series is very easy to survey, because their coefficients are never given explicitly but only either by means of a generating function (as in [4] ) or by recurrence formulae (as in [l] and [ó] ). In the present paper a generalized Neumann series for the product of two Whittaker functions of the first kind with common indices but different arguments is given, in which the coefficients are formed by certain terminating generalized hypergeometric series and by Gegenbauer polynomials. The expansion obtained includes also the case of a single Whittaker function, which is of special interest in connection with the theory of Coulomb waves.3 Our method of proof uses only the simplest properties of the function M,tlt(z) and is especially much more elementary than the methods of [4] . All symbols used are those of Magnus-Oberhettinger [7] , with exception of that for the generalized hypergeometric series, for which we use Bailey's [2] notation. •C" (cos 0).
3. Proof. A fourth system of coordinates will be introduced in 3.4.
Differential equation satisfied by (1)
. It is well known [3] that, provided 2ji?*-1, -2, •••, the function v{x, y) = {torW.M&MU-iv2)
(not identical with (1)) satisfies as function of x and y the equation
From here it is easily verified that u{x, y) =y~2thu{x, y), i.e. the lefthand side of (1) satisfies
wherej' = 2M+l/2.4 3.3. Neumann series expansions for solutions of (4). It is generally assumed6 and can easily be proved (although an explicit proof does not seem to have been ever given), that ifv^O, -1, -2, • • • , any solution w(x, y) of (4), which is regular near x = y = 0, can be expanded there in a unique way into a (generalized) Neumann series of normal solutions of (4) as follows: 00 (5) w(x, y) = X) a*r '/r+»(r)CB' (cos 8).
n-0
In case w is an entire function of x and y, (5) converges for arbitrary x and y. Assuming this result here and taking in account that « is an entire function of x and y, the existence of an expansion of u of the form (5) (and thus (1) 5. Remarks. The proof of (1), given (with exception of the remark at the beginning of 3.3) in full rigor can be rendered intuitive in the following way. Introducing the variables (6) into (4), we obtain the equation
i.e. a hyperbolic equation, whose two families of characteristics are given by z = const., z* = const, respectively. Putting z* = 0 in (5) means therefore that we are considering both sides of (5) on a characteristic. Now it is a well known fact that (vaguely speaking) the solution of a hyperbolic equation in two variables is determined by its values on one characteristic of each family. Moreover, since u is symmetric in z and z*, it suffices here to consider the values on only one characteristic. Any relation between solutions of (4) or (12) can therefore be proved by considering the values on a characteristic only. The outlined method yields in fact also very rapid proofs, e.g. for the addition theorems of the Bessel functions.7
